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Abstract The metrological aspects related to the sensitivity and signal-to-noise
ratio of the auto-normalized front pyroelectric technique for the measurement of ther-
mal effusivity in liquids are investigated. The effect of the thermally thick approxi-
mation in the theoretical expressions for the photopyroelectric signal and its effect on
the sensitivity of the technique are discussed. It is shown that the sensitivity of the
technique decreases with frequency. In contrast, the signal-to-noise ratio increases for
higher frequencies.
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Fig. 1 Geometry of the conventional FPPE cell. Here, g is air, p is the pyroelectric sensor of thickness l1, s
is the sample of thickness l2, and b is the backing material. I0 is the intensity of the incident modulated
light beam impinging onto the pyroelectric sensor at x = 0

1 Introduction

During the last decade the photothermal (PT) technique has been extensively applied
to the study of thermal properties of solids and liquid samples [1–4]. Among the PT
techniques, the photopyroelectric method has been shown to be a reliable technique
for the thermal characterization of samples with very good thermal contact with the
sensor (liquids mainly). The photopyroelectric technique (PPE) consists essentially of
a pyroelectric sensor in perfect contact with the sample under study. There are two con-
figurations of the PPE technique, in the first one; known as the back photopyroelectric
technique (BPPE), the sample is on top of the pyroelectric sensor and is illuminated
directly by a modulated light beam.

The second is named the front photopyroelectric technique (FPPE); in this modality,
the modulated light beam illuminates the pyroelectric sensor, causing periodic heating
that is transmitted to the sample. The heating produces an electric current that carries
information on the thermal diffusivity (α) and thermal effusivity (e) of the sample
[5,6].

The determination of the thermal parameters with the PPE technique is performed
by fitting the experimental data using an adequate photothermal model.

The present work is focused on the theory of the FPPE technique, and explores the
sensitivity of the technique. For this purpose, the sensitivity of the technique is defined
as the variation of the signal when the thermophysical parameters of the sample are
varied.

2 Theory

2.1 FPPE Temperature Field

A sketch of the conventional FPPE cell is shown in Fig. 1. Here, g is air, p is the
pyroelectric sensor of thickness l1, s is the sample of thickness l2, and b is the backing
material. I0 is the intensity of the incident modulated light beam, which impinges onto
the pyroelectric sensor at x = 0.

It has been shown that the PPE signal, in the voltage or current mode, is proportional
to the average temperature in the pyroelectric sensor, 〈T (t, ω)〉 [1,2], which is given
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by

〈
Tp (t, ω)

〉 =
⎡

⎢
⎣

1

l1

0∫

−l1

Tp (x) dx

⎤

⎥
⎦ exp (iωt) , (1)

where ω = 2π f , with f the chopping frequency of the incident radiation and Tp(x)

the temperature along the pyroelectric sensor. In order to obtain this temperature, we
have to solve the following system of thermal diffusion equations:

d2Tj (x)

dx2 − iω

α j
Tj (x) = 0; j = g, p, s, b (2)

Assuming that the sensor is optically opaque, in such a way that the radiation is
completely absorbed at the front surface of the sensor, the boundary conditions are

Ti (boundary) = Tj (boundary) (i, j) = (g, p) ; (p, s) ; (s, b)

ki
dTj (x)

dx
− k j

dTj (x)

dx
=

⎧
⎨

⎩

0

1−R
2 I0

; (i, j) = (p, s) ; (s, p)

(i, j) = (g, p)

(3)

In Eqs. 1–3, Ti (x, t) = Ti (x) exp(iωt), I (t) = I0 exp(iωt), αi and ki are the
thermal diffusivity and thermal conductivity of the i-th component of the cell, R is the
fraction of radiation reflected by the electrode of the sensor, and I (t) is the intensity
of the modulated light beam.

Solving Eqs. 1–3, the average temperature in the pyroelectric sensor is obtained;

〈
Tp (t, ω)

〉 = Io (1 − R)

(
1 + Rgp

)

4kpσp
� exp (iωt) (4)

where

� =
(
1 − e−σpl1

)

σpl1

[ (
Rsp + Rbse−2σsl2

)
e−σpl1 + (

1 + Rsp Rbse−2σsl2
)

Rgpe−2σpl1
(
Rsp + Rbse−2σsl2

) − (
1 + Rsp Rbse−2σsl2

)

]

(5)

In Eq. 5 the following notation has been used:

Ri j = 1 − bi j

1 + bi j
, bi j = ei

e j
, σ j = (1 + i) a j , a−1

j = µ j =
√

α j

π f
.

where µ j is the so-called thermal diffusion length.
If the sample is air (s=g), the expression for � is reduced to

�g = 1

σpl1

(
1 − e−σpl1

) (
Rspe−σpl1 + 1

)

(
R2

gpe−2σpl1 − 1
) = 1

σpl1

(
1 − e−σpl1

)

(
Rgpe−σpl1 − 1

) (6)
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which is obtained from Eq. 5 making the change s → g in the subscripts and making
the exponential exp(−2σsl2) equal to zero. Combining Eqs. 5 and 6, the following
equation is obtained:

� = �g

(
Rgpe−σpl1 − 1

) [ (
Rsp + Rbse−2σsl2

)
e−σpl1 + (

1 + Rsp Rbse−2σsl2
)

Rgp
(
Rsp + Rbse−2σsl2

)
e−2σpl1 − (

1 + Rsp Rbse−2σsl2
)

]

,

and after some calculations,

� = �g

[

1 +
(
Rsp + Rbse−2σsl2

) − Rgp
(
1 + Rsp Rbse−2σsl2

)

(
1 + Rsp Rbse−2σsl2

)
eσpl1 − Rgp

(
Rsp + Rbse−2σsl2

)
e−σpl1

]

,

then the average temperature, for the configuration given in Fig. 1, can be rewritten as
follows:

〈
Tp (t, ω)

〉 =
[

1 +
(
Rsp − Rgp

) − Rbs
(
1 + Rsp Rgp

)
e−2σsl2

(
1 + Rsp Rbse−2σsl2

)
eσpl1 − Rgp

(
Rsp + Rbse−2σsl2

)
e−σpl1

]

〈
Tg (t, ω)

〉
, (7)

where

〈
Tg (t, ω)

〉 = Io (1 − R)
(
1 + Rgp

)

4lpkpσ 2
p

(
1 − e−σpl1

Rgpe−σpl1 − 1

)

exp (iωt) (8)

is the average temperature for the sensor alone. As can be seen in Eq. 8,
〈
Tp(t, ω)

〉

is only a function of two thermal parameters of the sample, es through Rbs and αs
through σs.

2.2 FPPE Signal

It has been shown [1] that the average pyroelectric voltage is given by

V = 〈Q〉
C

= p

C
〈T (t, ω)〉 , (9)

where C and p are the capacitance per unit area and the pyroelectric coefficient of the
pyroelectric thin film, respectively.

Due to the fact that a pyroelectric sensor can be considered as a capacitor of two
parallel charged plates of thickness l1, then the voltage generated in the pyroelectric
sensor is

V = pl1
K ε0

〈T (t, ω)〉 , (10)

where ε0 is the permittivity constant of vacuum.
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Fig. 2 Equivalent circuit for the pyroelectric sensor, cable, and lock-in amplifier

Substituting Eqs. 7 and 8 in Eq. 10, the voltage generated in the pyroelectric sensor
is

V = Vg

[

1 +
(
Rsp − Rgp

) − Rbs
(
1 + Rsp Rgp

)
e−2σsl2

(
1 + Rsp Rbse−2σsl2

)
eσpl1 − Rgp

(
Rsp + Rbse−2σsl2

)
e−σpl1

]

,

(11)

where

Vg = pl1
K εo

〈
Tg (t, ω)

〉

is the voltage generated in the pyroelectric without a sample.
In order to obtain the function for the measured voltage or current, the equivalent

circuit given in Fig. 2 is used [7]. In this equivalent circuit, Vp is a voltage generator,
which in our case is given by Eq. 11. The reason for using this circuit is due to the
fact that at low frequencies, there are practically no losses at the pyroelectric sensor
(or the cable and input preamplifier).

2.2.1 Voltage Mode of the FPPE Signal

The equivalent circuit of the ideal voltage mode is shown in Fig. 2. In this sketch
Ck = Cc+Ci is the resultant capacitance of cable and input preamplifier capacitances,
which are in parallel. Applying Kirchhoff laws, we obtain

Vmea = C

C + Ck
V . (12)

Substituting Eq. 12 in Eq. 11, we get

Vmea = Vgmea

[

1 +
(
Rsp − Rgp

) − Rbs
(
1 + Rsp Rgp

)
e−2σsl2

(
1 + Rsp Rbse−2σsl2

)
eσpl1 − Rgp

(
Rsp + Rbse−2σsl2

)
e−σpl1

]

(13)
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Fig. 3 Normalized amplitude signal of FPPE mode for water using (a) copper and (b) air as backing
materials

where

Vgmea = p

C + Ck

〈
Tg (t, ω)

〉

2.2.2 Current Mode of the FPPE Signal

Applying Kirchhoff laws to the circuit in Fig. 2, it can be shown that

Imea = iωCV . (14)
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Substituting Eq. 11 in Eq. 14, we get

Imea = Igmea

[

1 +
(
Rsp − Rgp

) − Rbs
(
1 + Rsp Rgp

)
e−2σsl2

(
1 + Rsp Rbse−2σsl2

)
eσpl1 − Rgp

(
Rsp + Rbse−2σsl2

)
e−σpl1

]

,

(15)

where Igmea = iωCVg.

3 Numerical Evaluation

Normalizing Eq. 13 or 15 with their respective FPPE signal of the sensor without a
sample, it can be shown that

q = Smea

Sgmea
= 1 +

(
Rsp − Rgp

) − Rbs
(
1 + Rsp Rgp

)
e−2σsl2

(
1 + Rsp Rbse−2σsl2

)
eσpl1 − Rgpe−σpl1

(
Rsp + Rbse−2σsl2

) ,

(16)

where Smea is the measured FPPE signal and Sgmea is the signal measured by the
pyroelectric sensor without a sample. From the point of view of the thermal properties
of the sample, q is a function of just two thermal parameters, namely, the thermal
effusivity and thermal diffusivity.

In order to analyze the behavior of q, numerical simulation of a water sample
was performed for five different thicknesses (l2 = 0.1, 0.3, 1.0, 3.0, and 10.0 mm).
The water thermal properties were taken as αw = 0.145 × 10−6 m2 · s−1 and ew =
1, 600.000 W · s1/2 · m−2 · K−1 [8]. Two types of backings were considered: air
(αg = 22.260 × 10−6 m2 · s−1, eg = 5.510 W · s1/2 · m−2 · K−1) and copper
(αc = 96.800 × 10−6 m2 · s−1, ec = 2.409 × 104 W · s1/2 · m−2 · K−1) [8]. The
thermal parameters used for the pyroelectric sensor are αp = 0.065 × 10−6 m2 · s−1,
and ep = 609.900 W · s1/2 · m−2 · K−1 [9], with l1 = 30 µm. The frequency range
was varied from 0.01 to 100 Hz.

Figure 3 show the behavior of the normalized amplitudes q, and Fig. 4 shows the
behavior of their phase (see Eq. 16). It can be observed that, even though the thermal
diffusion length of water is 2.15 mm at 0.01 Hz, the effect of the backing disappears
when the thickness of the sample is approximately four times the thermal diffusion
length (10 mm).

3.1 Thermally Thick Samples

This section is devoted to the analysis of thermally thick samples, and to a comparison
of the simulations of this approximation with the results obtained using the complete
expression. The normalized expression for thermally thick samples can be written as

q = 1 +
(
Rsp − Rgp

)

eσpl1 − Rsp Rgpe−σpl1
. (17)
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Fig. 4 Normalized phase signal of FPPE mode for water as a sample with different thicknesses and using
(a) copper and (b) air as backing material

It can be observed in this equation that the FPPE signal does not depend on the
thermal diffusivity of the sample as is the case of the complete expression (Eq. 16)
and that only the dependence on the thermal effusivity of the sample remains. Writing
Eq. 17 in terms of amplitude and phase, the following results are obtained:

|q| =
√√√√1 + (

Rsp − Rgp
)
[

(2cosx) e−x + (
Rsp − Rgp

)
e−2x − (

2Rsp Rgpcos x
)
e−3x

1 − (
2Rsp Rgpcos 2x

)
e−2x + R2

sp R2
gpe−4x

,

]

(18)
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and

φq = arc tan

[ (
ex + Rsp Rgpe−x

)
sin x

(
Rsp − Rgp

) + (
ex − Rsp Rgpe−x

)
cos x

]

−arc tan

[(
1 + Rsp Rgpe−2x

)

(
1 − Rsp Rgpe−2x

) tan x

]

.

In these equations, x = apl1.
In order to compare the difference between the complete signal and the approxi-

mation for thermally thick samples, in Fig. 5, the amplitude and phase using Eqs. 16
and 18, for two backings, copper and air, with a sample with a thickness of 3 mm are
shown. It can be observed that there are no significant differences for frequencies from
0.1 to 100 Hz. This can be verified by calculating the relative difference between the
amplitude of the signals and the difference between the phases. The relative difference
between the amplitudes is given by

η =
(

1 −
∣∣qapp

∣∣

|qexac|

)

× 100.

As can be seen in Fig. 6, there are practically no differences between complete and
approximated FPPE signals, for frequencies above 0.2 Hz. The amplitude is nearly
the same, and the phase shows a very small difference (0.3◦). The difference between
the complete expression for q and the thermally thick approximation for a sample of
10 mm is minimal over the range of frequencies above 0.1 Hz.

4 Sensitivity

With the purpose of showing that the auto-normalized FPPE technique is a reliable
technique, in this section the sensitivity to small changes in the thermal properties is
explored. First, we analyze the variation of the signal, 	q, when the thermal effusivity
es and thermal diffusivity αs are changed by a quantity 	es and 	αs, respectively.
Therefore,

	q =
(

∂q

∂es

)
	es +

(
∂q

∂αs

)
	αs

Due to the fact that q is a function of es through Rsp and Rbs, and is a function of αs
through σs, the following equations can be written:

∂q

∂es
= ∂q

∂ Rsp

∂ Rsp

∂es
+ ∂q

∂ Rbs

∂ Rbs

∂es
and

∂q

∂αs
= ∂q

∂σs

∂σs

∂αs
.
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Fig. 5 Comparison between the complete FPPE signal and the thermally thick approximation for water
sample of 3 mm thickness: (a) amplitude q and (b) phase. Above 0.1 Hz, the backing influence (air or
copper) is minimal

From the definition of Ri j , bi j , and σs, we obtain the variation of q, which is given by

	q = 2

[
bbs

(1 + bbs)
2

∂q

∂ Rbs
− bps

(
1 + bps

)2

∂q

∂ Rps

]
	es

es
− 1

2
σs

∂q

∂σs

	αs

αs

The sensitivity is defined by

S ≡ 	q

q
,
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Fig. 6 Relative difference between the complete FPPE signal and the thermally thick approximation for
water sample: (a) amplitude and (b) phase

The amplitude of S provides information on the percentage change in the mea-
sured voltage amplitude if the thermal parameters are varied. Using the mathematical
expressions for |q| and |	q|, obtained previously, the absolute value of the sensitivity
is given by

|S| ≡ 1

|q|

∣∣∣∣∣
2

[
bbs

(1 + bbs)
2

∂q

∂ Rbs
− bps

(
1 + bps

)2

∂q

∂ Rps

]
	es

es
− 1

2
σs

∂q

∂σs

	αs

αs

∣∣∣∣∣
. (19)

In the particular case of thermally thick samples,

|S| ≡ |	q|
|q| =

[
2bps

(
1 + bps

)2

	es

es

]
1

|q|
∣∣∣∣

∂q

∂ Rps

∣∣∣∣ , (20)
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where the magnitude q is given by Eq. 18. From Eq. 17 the following expression is
obtained,

∂q

∂ Rsp
= eσpl1 − R2

gpe−σpl1

(
eσpl1 − Rsp Rgpe−σpl1

)2 .

Then

∣∣∣∣
∂q

∂ Rsp

∣∣∣∣ =

⎡

⎢⎢
⎣

√
1 −

(
2R2

gpcos 2x
)

e−2x + R4
gpe−4x

1 − (
2Rsp Rgpcos 2x

)
e−2x + R2

gp R2
spe−4x

⎤

⎥⎥
⎦ e−x (21)

|q|=
√√√√1+(

Rsp−Rgp
)
[

(2cos x) e−x +(
Rsp − Rgp

)
e−2x −(

2Rsp Rgpcos x
)

e−3x

1−(
2Rsp Rgpcos 2x

)
e−2x +R2

sp R2
gpe−4x

]

(22)

In Fig. 7, the numerical simulations of the sensitivity, given by Eq. 19, are shown. In
this case the thermal effusivity of the sample is changed with respect to the correspond-
ing value for water. The changes in the thermal effusivity have been parametrized in
the form 	e = (1 − χ)ew, where ew is the thermal effusivity of water. In this case,
χ has been given the following values 0.01, 0.05, 0.10, 0.50, and 0.99. As can be
observed in Fig. 7, for the sensitivity graph, the signal has its maximum sensitivity at
very low frequencies and decreases when the frequency increases, and the change in
sensitivity is proportional to the change in thermal effusivity. It can also be observed
in Fig. 7 that for large changes in thermal effusivity, the sensitivity decreases dramat-
ically when the frequency increases. This can be interpreted that, at low frequencies,
the PPE method is well suited to study small changes in thermal properties.

5 Experimental

The relative changes between amplitudes is given by

η =
(

1 − |q (	e)|
|q (ew)|

)
× 100,

where q(	e) is the amplitude obtained when the thermal effusivity is varied, and
q(ew) is the amplitude for the value when is no variation in the thermal effusivity.
Figure 8 shows the results for the variation of the relative changes of amplitude when
the parameters measuring the variation of the thermal effusivity are χ = 0.01, 0.05,
and 0.10. It can be observed in Fig. 8 that in the range from 0.1 to 10 Hz, the relative
difference of amplitude is less than the relative change of effusivity.
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Fig. 7 Numerical simulation of the sensitivity. FPPE amplitude signal has its maximum sensitivity at very
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The experimental results for the inverse of the signal-to-noise ratio (1/SNR) as a
function of the frequency of modulation and for the two measurements modes, current
and voltage, are presented in Fig. 9. The sample used was water. The inverse of the
signal-to-noise ratio is used because, for any measurement, this parameter provided a
contribution to the experimental error. Comparing the 1/SNR and the relative changes
of the amplitudes, it can be observed that 1/SNR is a maximum at low frequencies,
where the sensitivity is high. At 0.2 Hz, the contribution to the uncertainty is about
of 10% of the signal. From 0.2 to 1.0 Hz, 1/SNR decreases and its contribution to
the uncertainty is about 1%. With this uncertainty it is impossible to detect changes
below χ = 0.05, or changes in the effusivity below 5%. Due to the fact that, in any
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Fig. 9 Inverse of the signal-to-noise ratio and the relative difference of FPPE amplitude as a function of
the frequency. In the signal-to-noise ratio experiments, the sample used was water; for the simulation, the
thermal effusivity has been changed by 0.1%, 1.0%, and 5.0%

experiment, the noise is only one part of the uncertainties, we cannot detect changes
in the thermal effusivity below to 10%.

6 Conclusions

In this article, two metrological aspects of the auto-normalized front photopyroelectric
technique for thermal effusivity measurements in liquids that limit the accuracy in the
measurements of the thermal effusivity have been explored. It has been demonstrated
that the sensitivity shows a strong dependence on frequency, and at low frequencies, the
change of sensitivity is equal to the change of the thermal effusivity in the frequency
range from 0.01 to 0.05 Hz, decreasing up to 70% if the frequency is increased to
10 Hz.

Comparing the inverse of the signal-to-noise ratio, it is shown that the front pho-
topyroelectric technique is a very good tool to measure the thermal effusivity and its
variations, if the thermal effusivity has been changed more than 10%.
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